In this paper, we study the existence and uniqueness of solutions for two classes of boundary value problems for impulsive Caputo type fractional Hahn difference equations, by using the Banach contraction mapping principle and the nonlinear alternative of Leray-Schauder. The obtained results are well illustrated by examples.
Introduction and preliminaries
Our purpose of this paper is to establish the existence and uniqueness results for two impulsive fractional Hanh difference boundary value problems. More precisely, we consider the first boundary value problem of order ν k , 0 < ν k ≤ 1, t (1-q) , t = 0,
provided that f (0) exists. He also was the first to develop q-calculus and q-difference equations in a systematic way. The book by Kac and Cheung [2] covers many of the fundamental aspects of quantum calculus and also q-special functions. The q-calculus has many applications in mathematical areas such as orthogonal polynomials, basic hypergeometric functions, combinatorics, the calculus of variations, quantum mechanics, and the theory of relativity. Some recent results in quantum calculus can be found in [3] [4] [5] [6] [7] [8] [9] and the references cited therein.
Hahn [10] introduced his difference operator D q,ω as
provided that f is differentiable at ω 0 , where q ∈ (0, 1) and ω ≥ 0 are fixed. Here f is defined on an interval I ⊆ R containing ω 0 := ω/(1 -q). The Hahn difference operator unifies (in the limit) the two most well known and used quantum difference operators: the Jackson q-difference derivative D q , where q ∈ (0, 1), defined by (3), for ω = 0, and the forward difference D ω for q → 1, defined by
where ω > 0 is a fixed constant. The Hahn difference operator is a successful tool for constructing families of orthogonal polynomials and investigating some approximation problems (cf. [11] [12] [13] [14] ). For some recent results on the boundary value problems of Hahn difference equations we refer to [15] [16] [17] [18] [19] and references therein. Let us emphasize that the definition (3) does not remain valid for impulse points t k , k ∈ Z, such that t k ∈ (qt, t). For example, let [0, T], T > 4 be a dense interval and t = 2 be an impulsive point, i.e., f (2
On the other hand, this situation does not arise for impulsive equations on q-time scales {0, . . . , q 2 t, qt, t}, as the domains consist of isolated points covering the case of consecutive points of t and qt with impulsive points t k / ∈ (qt, t). Due to this reason, the subject of impulsive quantum difference equations on dense domains could not be studied. In [20] , the authors modified the classical quantum calculus on [a, b] by defining
, t = a,
Observe that if t k , k = 1, 2, . . . , are impulse points with f (t
, there is no impulse point in [a, b) . With the help of definition (6), a se-ries of impulsive quantum initial and boundary value problems were studied. We refer the interested reader to the recent monograph [21] for details.
In [22] , the authors defined a quantum shifting operator by
m, a ∈ R with m ≥ a. Then the q-derivative of a function f on an interval [a, b] in (6) can be rewritten as
Now, we consider the interval [a, b] ⊆ R, the quantum numbers 0 < q < 1, ω ≥ 0, and
with θ ∈ [a, b]. The Hahn difference operator was generalized recently in [23] to a D q,ω defined by
provided that f is differentiable at θ . Next, we introduce a new quantum Hahn shifting operator by
As a special case, if ω = a = 0, then (11) is reduced to classical quantum shifting in [1] . If ω = 0, then (11) is reduced to the q-shifting in (7) studied in [20] , and if a = 0, then (11) is reduced to Hahn shifting as appeared in [10] . In addition, the iterated k-times of quantum shifting is defined by
Proposition 1
The following relations hold:
The next definition modifies the definition (10) (studied in [23] ), taking into account Proposition 1(i)-(iii).
Definition 1
Let f be a function defined on [a, b] . The quantum Hahn difference operator is defined by
for t ∈ [a, b], provided that the series converges at t = c and t = d.
Let us define the θ -power function as (n -m)
For example, (n -m)
Let us state the definitions of Riemann-Liouville type of fractional derivative and integral of quantum Hahn calculus and also Caputo type fractional derivative, which can be found in [24] .
Definition 3
The fractional quantum Hahn difference of Riemann-Liouville type of order
where l is the smallest integer greater than or equal to ν.
Definition 4 Let ν ≥ 0 and f be a function defined on [a, b]. The fractional quantum Hahn integral of Riemann-Liouville type is given by (
a I 0 q,ω f )(t) = f (t) and a I ν q,ω f (t) = 1 Γ q (ν) t a t -θ Φ q (s) (ν-1) θ f (s) a d q,ω s, ν > 0, t ∈ [a, b].
Definition 5 The fractional quantum Hahn difference of Caputo type
where l is the smallest integer greater than or equal to ν. If ω = 0, then θ = a and the above fractional quantum Hahn calculus is reduced to fractional quantum calculus on the interval [a, b] as appeared in [22] .
The following formulas hold:
. Then, we have:
The rest of the paper is organized as follows: In Sect. 2.1 we prove the existence and uniqueness results for the the impulsive Hahn difference boundary value problem (1), while the corresponding results for the impulsive Hahn difference boundary value problem (2) are presented in Sect. 2.2. Examples illustrating the obtained results are presented in Sect. 3.
Impulsive fractional Hahn difference equations
To establish our results, we define intervals
In addition, we define the space PC(J, R) = {x : J → R : x(t) is continuous everywhere except for some t k at which x(t
is a Banach space equipped with the norm x = sup{|x(t)| : t ∈ J}. From Sect. 1, we replace all parameters, a, q, ω and ν of fractional quantum Hahn calculus in Definitions 3-5 by t k , q k , ω k and ν k , k = 0, 1, 2, . . . , m, respectively. Also we assume that
In the next subsections, the fractional quantum Hahn calculus is used to establish the existence and uniqueness results for the impulsive fractional Hahn difference boundary value problems (1) and (2).
Impulsive problem of fractional quantum Hahn difference equation of order
In this subsection, we investigate the impulsive Hahn difference boundary value problem (1).
The following lemma deals with the linear variant of problem (1) and gives a representation of the solution.
Lemma 1 Let ξ 1 + ξ 2 = 0 and h ∈ C(J, R) be a given function. Then, the function x is a solution of the impulsive Hahn difference boundary value problem
if and only if
Proof Applying Theorem 2(iv), for t ∈ J 0 , we obtain
for some c 0 ∈ R. In particular, when t = t -1 , it follows that
For t ∈ J 1 , using the same process, we have
The impulsive condition,
Repeating the above argument, for t ∈ J k , k = 0, 1, 2, . . . , m, we get
with b a (·) = 0, when b < a. Since x(0) = c 0 and
with t -m+1 = T, we can compute, with boundary condition in (16) , that
Substituting the constant c 0 in the integral equation (18), we obtain the desired result in (17) . The converse follows by direct computation. The proof is completed.
In the following, for convenience we use the abbreviation
for k = 0, 1, 2, . . . , m, and put
Now, we are in the position to establish the existence of a unique solution of problem (1) by using the Banach contraction mapping principle.
and
If
then problem (1) has a unique solution on J.
Proof In view of Lemma 1, we transform the boundary value problem (1), into an operator equation x(t) = Ax(t), where A : PC(J, R) → PC(J, R) is defined by
Also we define a set B r by B r = {x ∈ PC(J, R) : x ≤ r} where r > Λ 2 / (1 -Λ 1 ) . It should be shown that AB r ⊂ B r . Setting sup t∈J |f 0 | = M, max j |ϕ j (0)| = N , where f 0 = f (t, 0), and using 2, 3 , . . . , m, for any x ∈ B r , we have
Ax(t)
(1)
This show that Ax ≤ r, which leads to AB r ⊂ B r . Now, we will prove that the operator A is a contraction by using (21) . For any x, y ∈ B r , we have
Ax(t) -Ay(t)
From (21), we conclude that the operator A is a contraction on B r . By the Banach contraction mapping principle, therefore, the impulsive boundary value problem of fractional quantum Hahn difference equation (1) has a unique solution x on J such that x ≤ r. The proof is complete.
Corollary 1
Let constants ξ 1 = 0 and ξ 2 = 0 in (1), then we have the impulsive initial value
If the functions f and ϕ i , i = 1, 2, . . . , m, satisfy (19) and (20) , respectively, and if
then the impulsive initial value problem of fractional quantum Hahn difference equation (22) has a unique solution on J.
Impulsive problem of fractional quantum Hahn difference equation of order
Consider now the impulsive fractional Hahn difference boundary value problem (2).
Lemma 2 Let g ∈ C(J, R). Then, the function x is a solution of the impulsive Hahn difference boundary value problem
for t ∈ J k , k = 0, 1, 2, . . . , m, with b a (·) = 0, when b < a and
Proof Taking the Riemann-Liouville fractional quantum Hahn integral of order ν 0 to the first equation in (23) and applying Theorem 2(iv), for t ∈ J 0 , we get
From the first condition, x(0) = η 1 , we have c 0 = η 1 and from (15) with k = 1, for t = t -1 , we obtain
with (a -b)
In addition, we can formulate from (25) that
Since
then (27) can be written as
Repeating the above process, for t ∈ J k , we get
To compute c 1 , we have
, which leads to
Therefore, the result in (24) holds when substituting the constant c 1 in (28). The converse follows by direct computation. This competes the proof.
To accomplish our goal, we define the operator G :
The Banach fixed point theorem and Leray-Schauder's nonlinear alternative will be used to study the existence and uniqueness results for the impulsive Hahn difference boundary value problem (2) . Now, we set
Theorem 4 Let f and ϕ k be given functions satisfying (19) and (20), respectively, for all k = 1, 2, . . . , m. Assume the ϕ *
If Λ 5 < 1, then the impulsive fractional quantum Hahn difference boundary value problem (2) has a unique solution on J.
Proof The existence of a unique solution for the problem (2) will be proved by considering an operator equation x = Gx, where G is defined by (29). Consider the set B R = {x ∈ PC(J, R) : x ≤ R}, where a positive constant R satisfies
and K = max j |ϕ * j (0)| and constants M, N are defined in the proof of Theorem 3. We claim that GB R ⊂ B R . Since
Gx(t)
and 2, 3 , . . . , m, for any x ∈ B R , we have
which yields Gx ≤ R. To prove the contraction property of operator G, for any x, y ∈ B R , we consider the inequalities
Then we get Gx -Gy ≤ Λ 5 x -y which implies that G is a contraction operator as Λ 5 < 1. Therefore problem (2) has a unique solution x on J. (ii) There is a u ∈ ∂U (the boundary of U in C) and λ ∈ (0, 1) with u = λF(u). Then the impulsive fractional quantum Hahn difference boundary value problem (2) has at least one solution on J.
Theorem 5 Assume that the functions f
Proof Let us prove the theorem by applying Lemma 3. For a positive number ρ, we define the set B ρ = {x ∈ PC(J, R) : x ≤ ρ}. Clearly, B ρ is a closed, convex subset of PC(J, R). Let {x n } be a sequence converging to x. Then for t ∈ J, we obtain
Gx n (t) -Gx(t) Hence the operator G is continuous which is one of assumptions in Lemma 3. In the next step, we will prove the compactness of operator G. For t ∈ J and x ∈ B ρ , we have (1)
Gx(t)
≤
